The influence of molecular vibration on the Seebeck coefficient is studied within a simple model. Results of a scattering theory approach are compared to those of a full self-consistent nonequilibrium Green's function scheme. We show, for a reasonable choice of parameters, that inelastic effects have non-negligible influence on the resulting Seebeck coefficient for the junction. We note that the scattering theory approach may fail both quantitatively and qualitatively. Results of calculation with reasonable parameters are in good agreement with recent measurements [P. Reddy et al., Science 315, 1568 (2007 
Introduction
Development of experimental techniques for constructing and exploring molecular devices has inspired extensive theoretical study of charge transport in molecules, with potential application in molecular electronics. [1] [2] [3] [4] One important issue related to stability of potential molecular devices involves heating and heat transport in molecular junctions. This topic has attracted attention both experimentally [5] [6] [7] [8] [9] [10] and theoretically. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] 22] Another closely related issue involves thermoelectric properties of such devices. While thermo-electricity in bulk is well studied, corresponding measurements in molecular junctions were reported only recently. [23, 24] Electron-vibration interactions in the junction (leading to inelastic effects in charge transport [21] ) may cause junction heating and affect its heat transport properties. [22] Theoretical considerations of thermoelectric properties so far either completely disregarded such effects (in treatments based on the Landauer theory [24] [25] [26] ) or included it within a scattering theory framework. [27, 28] The latter treats the effect of vibrations as an inelastic electron scattering process, and changes in the non-equilibrium distributions of electrons and vibrations are not described in a self-consistent manner.
It has been shown that such changes may have qualitative effects on the transport. [29, 30] Note also that scattering theory approaches may lead to erroneous predictions due to neglecting effects of contacts' Fermi seas on the junction electronic structure. [31] This paper is motivated by recent measurements of the Seebeck coefficient in molecular junctions. [24] Considerations based on Landauer formula were employed there to interpret experimental data. Our goals here are: 1.
to show the importance of vibrations for the Seebeck coefficient and 2. to include vibrations in a fully self-consistent way within the nonequilibrium Green's function approach for calculating the Seebeck coefficient. The structure of the paper is the following. Section 2 introduces the model, discusses methods used in calculations, and presents a simple (approximate) analytical derivation to illustrate change in the Seebeck coefficient expression (as compared to Landauer-based expression) when vibrations are taken into account. Section 4 presents numerical results obtained in a fully self-consistent way.
Section 5 concludes.
Model
We consider a simple resonant-level model with the electronic level |0 > coupled to two electrodes left (L) and right (R) (each a free electron reservoir at its own equilibrium). The electron on the resonant level (electronic energy ε 0 ) is linearly coupled to a single vibrational mode (referred below as primary phonon) with frequency ω 0 . The latter is coupled to a phonon bath represented as a set of independent harmonic oscillators (secondary phonons). The system Hamiltonian is (here and below we useh = 1 and e = 1) 
The energy parameters M a and U β correspond to the vibronic and the vibrational coupling respectively. Eq. (1) is often used as a generic model for describing effects of vibrational motion on electronic conduction in molecular junctions. [21] After a small polaron (canonical or Lang-Firsov) transformation [32, 33] the Hamiltonian (1) takes the form (for details see Ref. [29] )
∆ is the electron level shift due to coupling to the primary phonon andX a is primary phonon shift generator.P a = −i(â −â † ) is the phonon momentum operator.
The mathematical quantity of interest is the single electron Green function (GF) on the Keldysh contour
Following Ref. [29] , we approximate it by
where G c (τ 1 , τ 2 ) is the pure electronic GF while K(τ 1 , τ 2 ) corresponds to the Franck-Condon factor. In Ref. [29] we have developed a self-consistent scheme for evaluating this functions, leading to the coupled set of equations
where
PaPa and
c are the phonon and electron Green functions when the two sub-systems are uncoupled (M a = 0). The functions Π PaPa and Σ c,K in Eqs. (9) and (10) are given by
These functions play here a role similar to self-energies in standard manyparticle theory. Here K = L, R and g k is the free electron Green function for state k in the contacts. For details of derivation see Ref. [29] . A self-consistent solution scheme implies solving Eqs. (8)- (12) iteratively until convergence.
As a convergence parameter we used population of the level n 0 =<ĉ † 0ĉ 0 >.
When n 0 for subsequent steps of the iterative cycle differed by less than a predefined tolerance (taken in the calculations below to be 10 −6 ), convergence was assumed to be achieved.
Once the electron GF (7) is obtained, its lesser and greater projections are used to get steady-state current through the junction [34, 35] 
at interface K = L, R. Here
with
The Seebeck coefficient is defined by
where V (I) is the voltage bias that yields current I at ∆T = 0, while ∆T (I) is the temperature difference between contacts that yields the same current at V = 0. The linear regime corresponds to the I → 0 limit of Eq. (17).
Below we present calculations of the Seebeck coefficient using different levels of approximations. In particular we compare results of a simple scattering theory-like approach and a full self-consistent calculation based on the procedure described above. The simple approach is essentially a first step of the full self-consistent iterative solution with the additional assumption of no coupling to the thermal bath for the molecular vibration (U β → 0 in Eq. (3)).
Transport coefficients
Before presenting results of numerical calculations, we point out how transport coefficients are introduced. In the Landauer regime of transport (electronphonon interaction disregarded, both carriers scatter ballistically), the electric and thermal fluxes, I and J, are given by [22, 25, 36 ]
where E F is a common Fermi energy in the absence of bias,
are the electron and phonon transmission coefficients in the absence of electronphonon coupling, and where
is the broadening of the molecular vibration due to coupling to its thermal environment. In the linear response regime the currents are linear in the applied driving forces -the bias V and the temperature difference ∆T
Here G and F are the electrical and thermal conductions, respectively, and L is known as the thermoelectric coefficient. The coefficients are given by [25, 36] 
Bose-Einstein distribution, T is temperature (β = 1/T ), and E F is the Fermi energy in the leads. Note the existence of Onsager relation, L·T = R, between the cross coefficients. Note also that the coefficient F in (25) contains two contributions, one corresponding to energy transfer by electrons, the other -by phonons. For discussion of the additive from of F and the relative importance of these contributions see Ref. [22] . The Seebeck coefficient is given in terms of these transport coefficients by
Below we focus on these two coefficients -G and L -only. Making the (22) , and utilizing the Sommerfield expansion [37] in (23), Eq.(26) leads to
which is Eq.(4) of Ref. [25] .
Calculation of the Seebeck coefficient
As discussed in Section 2, the simplest calculation that takes into account the electron-vibration interaction term (the M a term in Eq. 
where N 0 = [e βω 0 −1] −1 and I n is the modified Bessel function of order n. [38] For M a = 0 Eq.(28) reduces back to (18) . Linearization in the bias potential V = V L − V R and in the temperature difference ∆T = T L − T R leads to the phonon-renormalized transport coefficients
Using Eqs. (29) and (30), the Seebeck coefficient is calculated from Eq.(26).
To this end we first calculate the currents I(V, ∆T = 0) and I(V = 0, ∆T ) as functions of V and ∆T . The inverted functions V (I, ∆T = 0) and ∆T (I, V = 0) are then used in (26) to yield S(I) (expressed below as S(V ) with V = V (I, ∆T = 0)). In the calculations presented below we have used symmetric bias and temperature differences across the junction: In the following figures we consider the inelastic effects only within the scattering theory approximation (which requires a far smaller numerical effort). The dependence of S on the energy gap ε 0 − E F is shown in Fig. 2 , and its variation as function of ω 0 is displayed in Fig. 3 . In these figures V is kept at the value 0.05 V and all unvaried parameters are the same as in Fig. 1 .
Finally, in Fig. 4 we compare self-consistent results (some of them already shown in Fig. 1 ) obtained for different choices of electron-phonon coupling M a and vibrational broadening Ω ph .
The following observations can be made regarding these results: hω 0 no such threshold behavior is seen in Fig. 1 . This lack of threshold behavior in the inelastic contribution to the Seebeck coefficient results the fact that thermoelectric conduction is assosiated with the tails of the lead Fermi-Dirac distributions, and these tails wash away any thershold structure. 5. In Fig. 2 the Seebeck coefficient is seen to go through a maximum as a function of the gap ε 0 − E F , with inelastic contribution affecting the position and height of the observed peak. The behavior seen in Fig. 2 can be rationalized by noting that for, say, T L > T R electrons with energies E > E F contribute most to left-to-right current, while those with E < E F dominate right-to-left current. This gives no thermoelectric current when ε 0 = E F , hence as ε 0 → E F one needs a higher temperature difference in order to compensate for the same bias. As a result, the Seebeck coefficient goes down at ε 0 − E F → 0. On the other hand when ε 0 − E F ≫ Γ, k B T the two contributions cancel each other, and hence Seebeck coefficient drops down once more.
6. The dependence of S on ω 0 (Fig. 3 demonstrates it within a scattering theory level calculation) is in line with the expectation that S should attain its classical limit as the vibration becomes more rigid.
7. We have found (not shown) that effects on S of varying the electronic (Γ) or vibrational (Ω) widths show a similar trend as varying the gap ε 0 − E F or the vibrational frequency ω 0 , respectively.
Conclusion
We studied the influence of molecular vibration (inelastic effects) on the Seebeck coefficient for molecular junction transport using a simple model of one yield S ∼ 10 −5 V/K. Since molecules used in the experiment [24] are charac-terized by relatively big gap ε 0 − E F , our results are in good agreement with the measured data. Indeed, for ε 0 − E F ∼ 1 eV calculated Seebeck coefficient (see Fig. 2 ) becomes of the experimentally observed order of magnitude.
In order to keep the the L ↔ R symmetry for the current expression, one has to introduce the second FC factor in the Keldysh equation for 
